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Computer graphics has evolved from simple line drawings to complex, lifelike digital worlds. At the heart of many of

these breakthroughs lies a mathematical tool that has quietly shaped the industry for decades: the Non �Uniform

Rational B �Spline, or NURBS. Though its name may sound intimidating, NURBS are a versatile and powerful

representation that allows designers, engineers, and artists to model curves and surfaces with precision and

flexibility.

This article offers a comprehensive, reader �friendly overview of NURBS, tracing their origins, exploring their

mathematical foundations, and examining how the Morgan Kaufmann publishing house helped bring these

concepts to a broader audience through its influential series of textbooks. By the end, you’ll understand why

NURBS remain a cornerstone of modern 3D modeling, animation, and industrial design.

What Are NURBS?

In simple terms, NURBS are a mathematical representation of curves and surfaces that can model both simple

shapes—like circles and ellipses—and complex free �form surfaces found in automotive bodies or organic

characters. Unlike traditional polygon meshes, which approximate geometry with flat facets, NURBS provide an

exact, continuous description that can be refined without changing the underlying shape.

Key characteristics of NURBS include:

•  Non �Uniform knot vectors allow varying density of control points along the curve or surface, giving designers 

fine �grained control.

•  Rational weights enable the exact representation of conic sections (circles, ellipses, parabolas) that would 

otherwise require many control points.

•  B �Spline basis functions ensure smoothness and locality: moving one control point only affects a limited 

portion of the curve.

Because of these properties, NURBS are widely used in CAD (Computer �Aided Design), CAM (Computer �Aided

Manufacturing), and CAE (Computer �Aided Engineering) systems. They also form the foundation of many modern

animation tools, allowing artists to sculpt and animate characters with mathematically precise surfaces.

Historical Development of NURBS

Early Roots: Bézier and B �Splines

The story of NURBS begins with Pierre Bézier, a French engineer who, in the 1960s, introduced Bézier curves to

the automotive industry. These curves were defined by a set of control points and a simple polynomial equation.

Bézier’s work was groundbreaking because it provided a compact way to design smooth, aesthetically pleasing

curves for car bodies and airplane wings.



In the 1970s, the mathematical community expanded upon Bézier’s ideas, giving rise to B �splines (Basis Splines).

Unlike Bézier curves, B �splines allowed for multiple segments joined smoothly, enabling the creation of more

complex shapes without losing continuity. B �splines also introduced the concept of a knot vector, which controls how

the curve is parameterized and how control points influence the shape.

From B �Splines to Rational Functions

While B �splines were powerful, they had a limitation: they could not represent exact circles or ellipses without

approximations. The solution came in the form of rational B �splines—adding a weight to each control point. This

extension, first formalized by the computer graphics community in the 1980s, allowed for the precise representation

of conic sections and other rational shapes. The combination of non �uniform knot vectors, rational weights, and

B �spline basis functions became known as NURBS.

The Rise of NURBS in Computer Graphics

During the late 1980s and early 1990s, the rapid growth of 3D graphics software—such as Alias, Wavefront, and

later Pixar’s RenderMan—required robust, mathematically sound surface representations. NURBS fit the bill

perfectly: they were flexible enough for artists to sculpt organic shapes while remaining mathematically tractable for

rendering engines and manufacturing processes.

Academic research also played a crucial role. Papers on NURBS modeling, tessellation algorithms, and texture

mapping helped integrate the theory into practical tools. However, many practitioners still struggled to understand

the underlying mathematics, which led to a demand for clear, accessible educational materials.

The Morgan /Kaufmann Series: Bridging Theory and Practice

About Morgan /Kaufmann

Morgan Kaufmann is a renowned publisher of technical books, especially in the fields of computer science,

engineering, and mathematics. Their titles are celebrated for clarity, depth, and practical relevance. The company’s

commitment to quality made it an ideal platform for publishing foundational texts on NURBS.

Key Titles in the NURBS Series

1. “The NURBS Book” by Les Piegl and Wayne Tiller – Often regarded as the bible of NURBS, this book covers

theory, algorithms, and implementation details. It is widely used in both academia and industry.

2. “Computer Graphics: Principles and Practice” by John F. Hughes, Andries van Dam, et /al.– While not

solely focused on NURBS, this classic text contains comprehensive chapters on curve and surface modeling,

including NURBS, and provides a historical context.

3. “Mathematics for 3D Game Programming and Computer Graphics” by Eric Lengyel– This book offers a

modern take, explaining NURBS in the context of game engines and real �time rendering.

These titles, published under the Morgan Kaufmann imprint, have become essential reading for anyone looking to

master NURBS. They combine rigorous mathematics with code examples, making the concepts approachable for

both students and professionals.

Impact on Education and Industry

The Morgan Kaufmann series democratized access to NURBS knowledge. Prior to these books, learning NURBS

often required navigating dense research papers or proprietary software manuals. The series’ clear explanations,

step �by �step derivations, and practical examples helped shape curricula at universities worldwide.



In industry, designers and engineers could reference these texts to implement custom modeling tools, optimize

surface tessellation for rendering, or develop CAD/CAM pipelines that leveraged NURBS’ mathematical properties.

The result was a tighter integration between academic research and commercial software development.

Mathematical Foundations of NURBS

Basis Functions and Knot Vectors

At the core of a NURBS curve is the B �spline basis function, defined recursively by the Cox–de Boor algorithm. 

Given a knot vector U = {u0, u1, …, um}, the basis functions of degree p are defined as:

Base case (p = 0): 

Ni,0(u) = 1 if ui "d u i+1; otherwise 0.

Recursive step: 

Ni,p(u) = ((u - ui) / (ui+p - ui)) · Ni,p-1(u) + ((ui+p+1 - u) / (ui+p+1 - ui+1)) · Ni+1,p-1(u).

These basis functions are non �negative, sum to one, and have local support: each function is non �zero only over a

limited interval of the parameter space. This locality property ensures that moving a control point affects only a

portion of the curve, a desirable feature for modeling.

Weights and Rational Representation

To transform a B �spline into a rational NURBS curve, each control point P<sub>i</sub> is assigned a weight 

w<sub>i</sub>. The NURBS curve is then expressed as:

C(u) = (:3Ç7V#æ“Ó�Â÷7V#ãÇ7W�æãÂ÷7W�à w<sub>i</sub> N<sub>i,p</sub>(u) P<sub>i</sub>) / (:3Ç7V#æ“Ó�Âð

sub><sup>n</sup> w<sub>i</sub> N<sub>i,p</sub>(u)).

When all weights are equal, the curve reduces to a standard B �spline. By varying weights, designers can control the

influence of each control point, enabling exact representation of circles, ellipses, and other rational shapes.

Surface Construction

A NURBS surface extends the concept to two parameters, u and v. The surface is defined by a grid of control

points Pi,j with associated weights wi,j. The surface equation becomes:

S(u, v) = (:3Ç7V#æ“Ó�Â÷7V#ãÇ7W�æãÂ÷7W�à :3Ç7V#æ£Ó�Â÷7V#ãÇ7W�æÓÂ÷7W�à w<sub>i,j</sub> N<sub>i,p</

sub>(u) N<sub>j,q</sub>(v) P<sub>i,j</sub>) / (:3Ç7V#æ“Ó�Â÷7V#ãÇ7W�æãÂ÷7W�à :3Ç7V#æ£Ó�Â÷7V#ãÇ7W�æÓÂð

sup> w<sub>i,j</sub> N<sub>i,p</sub>(u) N<sub>j,q</sub>(v)).

Here, p and q are the degrees in the u and vdirections, respectively. This formulation allows for smooth, continuous

surfaces that can be easily subdivided, tessellated, or transformed.

Practical Applications of NURBS

Industrial Design and Manufacturing

Automotive, aerospace, and consumer product design rely heavily on NURBS for surface modeling. The exactness

of NURBS ensures that parts fit together precisely, reducing the risk of manufacturing defects. CAD systems like

CATIA, SolidWorks, and Siemens NX use NURBS to provide parametric models that can be directly exported to

CAM (Computer �Aided Manufacturing) tools.

Animation and Visual Effects



In film and video game production, NURBS surfaces are used to sculpt characters, vehicles, and environments.

Animation software such as Maya and Blender provide NURBS modeling tools that allow artists to manipulate

complex shapes with intuitive control points. Because NURBS can be tessellated on the fly, they are well �suited for

real �time rendering engines.

Medical Imaging and Simulation

Medical imaging techniques—like MRI and CT scans—often produce data that can be represented as NURBS

surfaces. By fitting NURBS to volumetric data, researchers can create accurate anatomical models for simulation,

surgical planning, or prosthetic design.

Virtual Reality and Augmented Reality

VR and AR applications require highly detailed, physically accurate models to create immersive experiences.

NURBS surfaces provide smooth, continuous geometry that can be efficiently rendered on modern GPUs, enabling

realistic interactions in virtual environments.

Implementing NURBS: Algorithms and Performance

Tessellation Strategies

Rendering engines cannot display NURBS directly; instead, they tessellate the surface into triangles. Common

tessellation strategies include:

•  Uniform subdivision: Divide the parameter space into equal intervals, generating a grid of triangles.
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