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An Introduction to Financial Option Valuation: Mathematics, Stochastics,
and Computation

Financial options are among the most widely traded derivatives in global markets, offering investors a versatile tool
for hedging risk, speculating on price movements, and enhancing portfolio returns. Yet the seemingly simple idea of
a contract that grants the right, but not the obligation, to buy or sell an underlying asset at a predetermined price
hides a rich tapestry of mathematical theory, stochastic modeling, and computational techniques. This article
provides a comprehensive, beginner friendly overview of how options are valued, exploring the core mathematical
concepts, the stochastic processes that underpin them, and the numerical methods used to compute option prices
in practice.

1.What Is an Option?

At its heart, an option is a contractual agreement between two parties. The holder (or buyer) pays a premium to
acquire the right to purchase (call option) or sell (put option) an underlying asset—such as a stock, commodity, or
index—at a specified strike price on or before a set expiration date. The seller (or writer) receives the premium and
assumes the obligation to fulfill the contract if the holder chooses to exercise it.

Options are prized for their flexibility:

e Leverage — Small premium payments can control large positions.
¢ Risk Management — Protective puts shield portfolios from downside risk.
« Income Generation — Covered call strategies produce periodic premium income.

To price an option fairly, one must quantify the expected future payoff, discounted to present value, while
accounting for uncertainty in the underlying asset’s price path. This is where mathematics, stochastics, and
computation converge.

2.The Foundations of Option Valuation

2.1. Payoff Functions

Option payoffs are deterministic functions of the underlying asset price at expiration. For a European call with strike
K and underlying price S_T, the payoff is:

Payoff = max(S<sub>T</sub>-K, 0)
Similarly, a European put payoff is:
Payoff = max(K — S<sub>T</sub>, 0)

These simple formulas capture the core of option value: the holder benefits only when the underlying moves
favorably relative to the strike.



2.2. Risk Neutral Valuation

In a frictionless market, the price of an option can be derived using the risk neutral valuation principle Under a
risk neutral measure, all assets earn the risk free rate, and the expected discounted payoff equals the option’s price:

P = e<sup>-rT</sup> - E<sub>Q</sub>[Payoff]

where r is the continuous risk free rateT the time to maturity, and E<sub>Q</sub> denotes expectation under the
risk neutral probability measure. The challenge lies in determining the distribution ofS_T under Q, which requires
modeling the dynamics of the underlying asset.

3. Stochastic Modeling of Asset Prices

3.1. Brownian Motion and the Geometric Brownian Motion (GBM)

The most foundational stochastic process used in option pricing is Brownian motion, a continuous time random walk
with independent, normally distributed increments. The GBM model, introduced by Bachelier and later formalized
by Samuelson, models the asset price as:

dS<sub>t</sub> = ;A3C7V#cCA+7V#aGB 2 AS<sub>t</sub>dW<sub>t</sub>

where ;& the drift, <Be volatility, and dW<sub>t</sub> an increment of standard Brownian motion. Under the
risk neutral measure, the driftis replaced by the risk free rate.

3.2.Volatility and Its Modeling

Volatility, the measure of an asset’s price variability, is central to option valuation. While the GBM assumes constant
volatility, empirical evidence shows that volatility fluctuates over time and exhibits clustering. Several stochastic
volatility models capture this behavior:

¢ Heston Model — Volatility follows a mean reverting square root process.

« — Discrete time models capturing volatility persistence.

e — Combine continuous Brownian motion with sudden jumps.
In each case, the stochastic nature of volatility introduces additional complexity, requiring advanced mathematical
tools for pricing.

3.3. The Role of Stochastic Calculus

Stochastic calculus, pioneered by 1t6 and developed further by Feller, provides the rigorous framework for
manipulating stochastic differential equations (SDESs). Key concepts include:

 |td’s Lemma — A stochastic counterpart to the chain rule, enabling transformation of functions of stochastic
processes.

e Martingale Property — Under risk neutral measure, discounted asset prices are martingales.

¢ Change of Measure — Girsanov's theorem facilitates switching from real world to risk neutral probabilities.
These tools allow derivation of closed form pricing formulas and the formulation of partial differential equations
(PDEs) that govern option prices.

4.The Black—Scholes—Merton Framework

4.1. Derivation of the Black—Scholes Equation

Assuming the GBM dynamics under risk neutral measure, one can construct a risk free portfolio consisting of a
short position in the option and a long position in the underlying asset. By eliminating the stochastic component,



the portfolio’s return must equal the risk free rate. This leads to the celebrated Black—Scholes PDE:
"Vt + Y<%;" +%b0 %;" 2 %2 %bo %2 b %b O
where V(S, t) denotes the option price as a function of underlying price and time.

4.2. Closed Form Solution for European Options

Solving the Black—Scholes PDE with the appropriate terminal condition yields the closed form price for European
calls and puts:

Call = S:N(d<sub>1</sub>) — Ke<sup>-rT</sup>-N(d<sub>2</sub>)
Put = Ke<sup>—rT</sup>-N(-d<sub>2</sub>) — S-N(—d<sub>1</sub>)
where

d<sub>1</sub> =[In(S/K) + (r + ¥%<;"sEO 0 fA" T)

d<sub>2</sub> = d<sub>1</sub> - <2'¥@

and N(-)denotes the cumulative distribution function of the standard normal distribution. This elegant formula
revolutionized finance, providing a tractable method for pricing a wide range of derivatives.

4.3. Limitations and Extensions

While the Black—Scholes model is foundational, it relies on assumptions—constant volatility, continuous trading,
frictionless markets—that rarely hold in practice. Extensions include:

« Implied Volatility Surface — Adjusting volatility to match market prices across strikes and maturities.
¢ American Options — Allowing early exercise, requiring numerical solution of free boundary problems.
e Barrier and Exotic Options — Introducing path dependency and complex payoff structures.

These extensions demand more sophisticated mathematical and computational techniques.

5. Partial Differential Equations and Numerical Solutions

5.1. Finite Difference Methods (FDM)

When analytic solutions are unavailable—such as for American options or models with stochastic volatility—
numerical methods become essential. Finite difference methods discretize the PDE on a grid of asset prices and
time steps, approximating derivatives with difference quotients. Common schemes include:

¢ Explicit Method — Simple but conditionally stable.
< Implicit Method — Unconditionally stable but requires solving linear systems.
¢ Crank—Nicolson — A blend of explicit and implicit, offering second order accuracy.

Boundary conditions (e.g., option value at zero or infinite asset price) and early exercise conditions for American

options must be carefully handled to ensure convergence.

5.2. Finite Element and Spectral Methods

Finite element methods (FEM) provide flexibility in handling irregular geometries and non uniform grids, while
spectral methods exploit smoothness of solutions to achieve high accuracy with fewer degrees of freedom. Both
approaches are valuable for pricing options in high dimensional settings, such as basket or multi asset derivatives.

5.3. Monte Carlo Simulation



Monte Carlo methods estimate option prices by simulating a large number of random price paths and averaging the
discounted payoffs. They are particularly powerful for high dimensional problems where PDE approaches become
computationally prohibitive. Key considerations include:

e Variance Reduction — Techniques such as antithetic variates, control variates, and importance sampling
improve efficiency.

« Path Dependent Payoffs — Options like Asian, lookback, or barrier options naturally fit the simulation
framework.

e Computational Cost — Parallel computing and GPU acceleration are often employed to handle millions of
paths.

6. Advanced Topics in Option Valuation

6.1. Stochastic Volatility Models

Models like Heston introduce an additional SDE for volatility:
d<3C7V#cCA+7V#a O °(;, b A<sub>t</sub>)dt + ;al£A<sub>t</sub>dZ<sub>t</sub>

where ;is the speed of mean reversion, ;&1e long run variance;the volatility of volatility, and dZ<sub>t</sub>
correlated with dW<sub>t</sub>. Pricing under such models often requires Fourier transform techniques (e.g.,
characteristic function approach) or hybrid Monte Carlo/PDE methods.

6.2. Jump Diffusion and Lévy Processes

Real markets exhibit sudden, large price movements—jumps—that cannot be captured by Brownian motion alone.
Merton’s jump diffusion model augments GBM with a Poisson jump component:

dS<sub>t</sub> = ;A3C7V#cCA+7V#eG@ + <53C7VH#CCA+7V#aeESC7VH#cCA+7V#A + (J — 1)S<sub>t</sub>dN<sub>t
sub>

where dN<sub>t</sub> counts jumps and Jis the jump size factor. Lévy processes generalize this concept,
enabling heavy tailed return distributions. Option pricing under jump models often uses integral equations or Fourier
inversion.

6.3. Machine Learning in Option Pricing

Recent advances explore data driven approaches to approximate pricing functions. Neural networks can learn
mappings from model parameters to option prices, providing rapid evaluations
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