GENERAL

algebraic geometry i algebraic curves algebraic manifolds
and schemes

Published: September 19, 2026 | Index ID: #-

Introduction

Algebraic geometry is a central pillar of modern mathematics, weaving together algebra, geometry, and number
theory into a single, elegant framework. In this article we focus on a core segment of the field—Algebraic
Geometry I: Algebraic Curves, Algebraic Manifolds, and Schemes. Whether you are a graduate student
embarking on a research journey, an instructor preparing lecture notes, or simply a curious reader, this guide offers
a comprehensive overview of these foundational concepts, their interrelations, and their impact on contemporary
mathematics.

Historical Context

From the classical study of conic sections to the sophisticated language of schemes, the evolution of algebraic
geometry reflects the broader development of mathematics. Key milestones include:

e 19th Century: The formalization of algebraic curves by mathematicians such as Jacobi and Riemann, who
introduced the concept of Riemann surfaces.

e Early 20th Century: The rise of algebraic topology and the introduction of cohomology theories, which
provided powerful tools for studying varieties.

* 1960s: The revolutionary work of Grothendieck, who introduced the language of schemes, turning algebraic
geometry into a truly algebraic and categorical discipline.

e Late 20th Century to Present: The unification of geometry, topology, and arithmetic through the Minimal Model
Program, mirror symmetry, and the Langlands program.

Algebraic Geometry |: Foundations

Before delving into curves and manifolds, we need to establish the basic language that underpins the field.
Algebraic geometry blends the study of solutions to polynomial equations with the topological and differential
properties of the spaces these solutions inhabit.

Affine and Projective Varieties

At the heart of the subject lie affine varieties, defined as the common zeros of a set of polynomials in a coordinate
ring. Their projective counterparts—projective varieties—are obtained by homogenizing these equations, allowing
us to study objects at infinity and ensuring compactness in many cases.

Coordinate Rings and Ideals

The coordinate ring of an affine variety encapsulates its algebraic structure. By studying ideals within this ring, we
gain insight into subvarieties, singularities, and morphisms. The Nullstellensatzbridges  the  algebraic  and
geometric worlds, establishing a correspondence between radical ideals and algebraic sets.

Morphisms and Functoriality

Morphisms between varieties are regular maps that respect the algebraic structure. They form the arrows of the



category of varieties, enabling a functorial approach to geometry. This perspective is essential for later discussions
on schemes and sheaf theory.

Algebraic Curves

Algebraic curves—one-dimensional varieties—serve as the simplest yet most profound objects in algebraic
geometry. Their study has led to breakthroughs in number theory, topology, and mathematical physics.

Genus and Riemann—Roch Theorem

The genusof a curve measures its topological complexity. The Riemann—Roch theorem provides a powerful tool
for computing dimensions of spaces of meromorphic functions, linking algebraic invariants to geometric properties.

Elliptic Curves and Their Applications

Elliptic curves, defined by cubic equations in two variables, play a pivotal role in modern number theory. Their group
structure and rich arithmetic properties underpin cryptographic protocols like Elliptic Curve Cryptography (ECC)
and have been central to proofs such as Fermat's Last Theorem.

Moduli Spaces of Curves

The moduli space M_g parametrizes isomorphism classes of smooth curves of genus g. Studying its geometry
reveals deep connections between algebraic curves and other areas, such as string theory and mirror symmetry.

Algebraic Manifolds

Moving beyond curves, algebraic manifolds—higher-dimensional varieties that are smooth—offer a rich landscape
of geometric phenomena.

Complex Algebraic Manifolds

When defined over the complex numbers, algebraic manifolds correspond to complex manifolds with additional
algebraic structure. Tools like Hodge theory and the theory of harmonic forms become available, allowing for the
decomposition of cohomology groups.

Calabi—-Yau Manifolds

These special manifolds have vanishing first Chern class, making them central to string theory. Their existence and
classification involve intricate techniques from both algebraic and differential geometry.

Minimal Model Program

The Minimal Model Program (MMP) seeks to classify higher-dimensional varieties by simplifying their structure via
birational transformations. The MMP has led to a deeper understanding of the birational geometry of algebraic
manifolds.

Schemes: The Modern Language of Algebraic Geometry

Grothendieck’s introduction of schemes revolutionized algebraic geometry, providing a unified framework that
encompasses both algebraic and geometric aspects. Schemes generalize varieties by allowing nilpotent elements
and non-reduced structures.

Affine Schemes and Spectra

An affine scheme is defined as the spectrum of a ring, denoted Spec(R). Points of the scheme correspond to prime
ideals of R, and the topology is given by the Zariski topology. This construction captures both the algebraic and



topological nature of the space.

Sheaves and Cohomology

Sheaves of modules over a scheme encode local algebraic data, while sheaf cohomology provides global
invariants. These tools are indispensable for studying line bundles, divisor class groups, and deformation theory.

Functor of Points

The functor of points perspective treats a scheme as a functor from the category of rings to sets, capturing its
behavior under base change. This viewpoint is essential for understanding moduli problems and descent theory.

Applications of Schemes

From the proof of Fermat's Last Theorem to the development of arithmetic geometry, schemes provide the
language for modern research. They allow mathematicians to study solutions of polynomial equations over arbitrary
fields, including finite fields, leading to applications in coding theory and cryptography.

Interconnections and Unified Themes

While algebraic curves, manifolds, and schemes may appear distinct, they share underlying principles that unify the
discipline.
Algebraic and Differential Geometry

The study of complex manifolds bridges algebraic geometry and differential geometry. Techniques such as
Dolbeault cohomology, Kahler metrics, and the theory of vector bundles intertwine these fields.

Arithmetic Geometry

By studying schemes over rings of integers or finite fields, arithmetic geometry explores the distribution of rational
points, leading to conjectures like the Birch and Swinnerton-Dyer conjecture. This area exemplifies the deep link
between algebraic geometry and number theory.

Mirror Symmetry

Mirror symmetry predicts a duality between pairs of Calabi—Yau manifolds, connecting complex geometry with
symplectic geometry. It has led to new computational techniques for Gromov-Witten invariants and has influenced
string theory.

Practical Examples and Computations

To solidify understanding, let's walk through a few concrete examples.

Computing the Genus of a Plane Curve

1. Take the curve defined by y2 = x3 - x (an elliptic curve).
2. ldentify its singularities—none in this case.
3. Apply the genus formula: g = (d-1)(d-2)/2 for a smooth plane curve of degree d. Here, d =3,sog = 1.

Describing a Projective Variety via Homogeneous Coordinates

The projective plane ! £an be described as the set of equivalence classes with not all coordinates zero, modulo
scaling by a nonzero scalar. A hypersurface in ! #s given by a homogeneous polynomial, such as F(x,y,z) = x3 + y3 +
z3=0.

Using Schemes to Study Reductions Modulo a Prime



Consider the elliptic curve over !given by y2 = x3 - x. Its reduction modulo a prime p yields a curve over !$/p'$ By
analyzing the number of points on this reduced curve, we gain insight into the behavior of its L-function.

Conclusion

Algebraic Geometry I, encompassing algebraic curves, manifolds, and schemes, forms the backbone of modern
mathematical research. From the elegant classification of curves to the deep arithmetic insights provided by
schemes, the field continues to inspire new discoveries across disciplines. Whether you are exploring the geometry
of Calabi—Yau spaces, computing invariants of algebraic curves, or applying scheme theory to cryptographic
protocols, the concepts discussed here provide a solid foundation for further study.
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